We prove that for any finite field k, there exist differentiable O-sequences which are not Hilbert functions of reduced graded k-algebras. We discuss when generic Hilbert functions and the Hilbert function of a complete intersection can be Hilbert functions of reduced or of integral graded algebras.
Introduction
We study in this paper Hilbert functions of reduced and of integral standard graded algebras. For background on Hilbert functions see [lo] and [5] . Throughout this paper, k will always be a field. We will denote by R the ring k[X,, . . . ,X,1, where X0, . . . , X,, are indeterminates and by R the ring k[X,, . . . ,X,1. We recall from [lo] that a (standard)
graded k-algebra is a graded k-algebra A = @izoA; with A0 = k which is generated by finitely many homogeneous graded k-algebra is differentiable. By [4] , for k infinite, the converse is also true and furthermore, a given differentiable O-sequence His the Hilbert function of a reduced graded k-algebra provided Ikl is sufficiently big. (For any finite set S, ISI is the number of elements in S.) The original motivating problem for this paper was "What happens in general if k is finite?".
We show in Section 1 that for any finite field k there are differentiable O-sequences which are not Hilbert functions of reduced graded k-algebras and provide explicit examples.
In Section 2 we introduce the generic Hilbert function H of N points in Ip". Then His differentiable, hence by the above discussion is the Hilbert function of a reduced k-algebra provided jkl is large enough. We prove that H is actually the Hilbert function of an integral k-algebra under suitable assumptions on k, for example if k is a finitely generated infinite field (see Theorems 2.2, 2.3 and 2.5 to the end of the section). In Section 3 we discuss the Hilbert function G of a complete intersection. For any field k, G is the Hilbert function of a reduced k-algebra (Theorem 3.2), so we turn our attention to whether or not G is the Hilbert function of an integral k-algebra. This is the case for k = Q (Theorem 3.4), but if k is finite we cannot decide in all cases. In Section 4 we make further remarks about the Hilbert function of an integral domain. In particular Theorem 4.5 shows that an O-sequence H must in general satisfy conditions much stronger than differentiability in order to be the Hilbert function of an integral domain. We also describe numerical evidence that shows that our cardinality assumption in Theorems 2.2 and 2.3 is stronger than
necessary. An important method of producing k-algebras of a particular type with given Hilbert function is by the lifting of ideals (see [3] and [9] ). We use the terminology of [9] . We recall that if A and A' are k-algebras, the algebra A' is a lifting of A if and only if there exists in A' a homogeneous element x of degree 1 which is not a zero-divisor such that the graded k-algebras A and A'/xA' are isomorphic.
We have: HA = AH,,. ideal J (see [lo] ). If the ideal Z of R lifts J, then R/Z has Hilbert function H. Thus in order to show that His the Hilbert function of a reduced (respectively integral) k-algebra it suffices to find a homogeneous ideal J in Z? such that HR,~=AH and J lifts to a radical (respectively) prime ideal.
We will say that an O-sequence H is liftable to the Hilbert function of a reduced (integral) graded k-algebra if S His the Hilbert function of a reduced (respectively integral) graded k-algebra. Theorem 1.9 gives examples of homogeneous ideals J in R that are not liftable to a radical ideal but whose Hilbert function is liftable to the Hilbert function of a reduced graded k-algebra (so that some other ideal with the same Hilbert function as J is liftable to a radical ideal). Theorems 4.3 and 4.4 give examples of ideals that are liftable to a radical but not a prime ideal, and whose Hilbert function is liftable to the Hilbert function of an integral graded k-algebra.
For geometrical background see [7] . By a point in P," we mean a closed point. A finite union of points will always be given the reduced subscheme structure. The
Hilbert function H, of a closed subscheme S of P," is the Hilbert function of R/I, where I is the corresponding saturated ideal.
Configurations in Ip2
In this section we study configurations of points in P2. As an application we prove (Theorem 
.I X,], but its Hilbert function is liftable to the Hilbert function of a reduced graded k-algebra.
Proof (cf. [3] 
Generic Hilbert functions
In this section we discuss the generic Hilbert function CH(N,n) of N points in IP". The O-sequence GH(N,n) is differentiable, hence is the Hilbert function of a reduced graded k-algebra provided (kl is large enough. Unlike the case in Theorem 1.8, we do not know if the cardinality assumption on k is necessary. In this section, we prove that if k is finite (again with ]kl large enough), then GH(N, n) is the Hilbert function of an integral graded k-algebra (Theorems 2.2 and 2.3). This result is extended to infinite fields in Theorem 2.5.
Let n and N be integers L 1. We define GH(N, n) by the formula GH(N, n)(i) = min(("l'),N) for i?O. If there is a set S of N k-rational points in generic position in lPt (n 2 1) 14, Definition 2.41, then W,(i) = GH(N, n)(i) for all i? 0 (such S exists if lkl is large enough). Thus, we will call GH(N,n) the generic Hilbert function of N in points in Ip". Note that if A is an integral graded k-algebra whose Hilbert function is a zerodimensional O-sequence of degree d, then Proj A is isomorphic to Spec K, where K is an extension field of k of degree d. Thus an obvious necessary condition for GH(N,n) to be the Hilbert function of an integral graded k-algebra is that k have an extension field of degree N (cf. Theorem 2.1 below).
Let J be a (not necessarily homogeneous)
ideal in Z?. We denote by HzIJ(i) the dimension of the k-vector subspace of R/J generated by the image of polynomials in Z? of degree ii. Let (d+ l)lLil'P1 (15 is m) . Thus, the number of solutions to this equation in A" is at most The number of all polynomials F(X) as above, after identifying k-proportional polynomials is (qN-l)/(q-1). Thus, the total number of solutions in A" to equations of the type F(X) = 0 is at most
Hence, there exist s,, . . . , s, in A such that F(s,, . . . ,s,) # 0 for all F as above. This means that the set {s'}~,~ is k-linearly independent and as its cardinality is N, it is a k-basis for A.
Consider now the case k infinite. Let 95' be a k-basis of A, D the discriminant of 8, thus D #O. Let x1, . . . , x, be all the coefficients of the products uu, where U, u are in 93, with respect to the k-basis 5%'. We claim that there exist a subring T of k containing x1, . . . , x, (which implies that DE T) and a maximal ideal A4 of T such that DeM, T/M is a finite field and IT/MI > t := (d+ l)N. 
Let A' := T[SS']l/MT[B]
and let 55" be the canonical image of 5%' in A', thus 95' ' is a k,-,-basis for A'. As Da M, the discriminant of 55" is nonzero. It follows that A' is a separable kc,-algebra, thus a direct product of at most N finite field extensions of kO. As Ikol >(d+ l)N and dim,,A'=N, we conclude by the first part of the proof that there exist elements s;, . . . ,sA in A' such that the set {.Is'~}~~,, is a k,-basis for A'. Let s,, . . . , s, be elements in T[%'] such that s;, . . . ,sA respectively are their canonical images in A'. As {.Y"}~~,, is a kc,-basis for A', the matrix of the coefficients of {s'}iEn with respect to .%' has a nonzero determinant. It follows that {s'}~~,, is a k-basis for A. A natural approach is to try lifting the ideal (XF, . . . , X$) of R to a prime ideal. This is always possible if k= Q (Theorem 3.4) but we cannot decide in all cases if k is finite. Rather than lifting (X,"l, . . . ) X,$) directly to a prime ideal of R we find it more convenient to use a lifting criterion from [9] . We first define CI(dl, . . . ,d,, If f is a nonzero polynomial in R, we denote by Idf) the form of highest degree occurring in f. If J is an ideal in R, we denote by I(J) the ideal generated by (f(f):f~J).
Hilbert functions of complete intersections
We have by [9, Proposition 51:
Lifting Criterion. A homogeneous ideal J in l? is liftable to a radical (respectively prime) ideal in R if and only if there is a radical (respectively prime) ideal 1 in R such that I(& = J.
In order to verify the Lifting Criterion for the ideal J= (Xpl, . 
. ,I(f,)> is an Rsequence in R. Then (f,, . . . , f, > is an R-sequence and if I is the ideal (f,, . . . , f,), then 40 = U(fi ), . . . , idf,)).
Proof. The proof is by induction on r, the case r= 1 being obvious. Let r> 1 
. , KL)). Clearly (fly . . . ,f,) +R.
We now prove that f, is not a zero-divisor mod (fi, . . . , fr_l). 
,f,(X,)).
Then X, Y) ). The form u has degree n and is not divisible by X, hence, by Lemma 3.1, I(M) = (X", u). We conclude that the ideal (X", U) is liftable to a prime ideal so CI(m, n) is the Hilbert function of an integral graded k-algebra. 
Hilbert functions of integral domains
In this section we make some further remarks about the Hilbert function of an integral domain and about lifting to a prime ideal.
A homogeneous ideal I in R is zero-dimensional if fi= (X,, . . . ,X,,), that is, dim, R/I< 03. 
. ,X,,] which is iiftabie to a radicai ideal, is not liftable to a prime ideal, but whose Hiibert function is liftable to the Hilbert function of an integral graded k-algebra.
Proof. As in [9, Theorem 91 we may assume that n =2. Let X=X,, Y=X,. Let I:= (X3,XY, Y2). The Hilbert function corresponding to Z is the Hilbert function corresponding to the complete intersection (X2, Y2), so it is liftable to the Hilbert function of an integral k-algebra. By the previous theorem, the ideal Z is not liftable to a prime ideal. 0
The remark after Example 4.5 in [lo] proves more than our last theorem. Indeed, by the argument in [IO] , for any field k and Z=(X3, Y',XY), the k-algebra k[X, Y]/Z is not isomorphic to a graded k-algebra which is an integral domain module a homogeneous regular sequence. More generally, by the same argument one can take Z=(X", YmC1,XY), where mz2.
The next theorem shows that it is much harder for an O-sequence to be the Hilbert function of an integral domain than to be the Hilbert function of a reduced graded k-algebra. I?
